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Abstract. Ammonium molybdophosphate (AMP) immobilized on a polyacrylonitrile (PAN) support is an en-
gineered form of cesium selective sorbent material developed at the Czech Technical University in Prague. This
material is being investigated as a sorbent for removing 137Cs from Idaho National Engineering and Environmental
Laboratory (INEEL) acidic sodium bearing waste (SBW) solution. As part of this study, a computer program to
solve the partial differential equations (PDE’s) for continuity and rate of exchange in a fixed bed system has been
developed using numerical finite difference algorithms. These equations are solved iteratively in order to derive a
mass transfer coefficient that agrees with the results of bench scale column experiments. This mass transfer coeffi-
cient is then applied in the PDE solutions to predict breakthrough behavior in a semi-scale column experiment. The
model provided excellent agreement with the semi-scale data with a mass transfer coefficient of 0.0126 min−1.
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1. Introduction

1.1. Historical Background

The Idaho Nuclear Engineering and Technology Center
(INTEC), formerly known as the Idaho Chemical Pro-
cessing Plant (ICPP), is located at the Idaho National
Engineering and Environmental Laboratory (INEEL)
near of Idaho Falls, Idaho. The main purpose of this
Department of Energy (DOE) facility was the repro-
cessing of spent nuclear fuel from U.S. Navy and gov-
ernment owned nuclear reactors using a combination
PUREX/REDOX process. The primary waste stream
from this process was an acidic and highly radioac-
tive raffinate stream containing fission, transuranic, and
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activation isotopes. The majority of this waste was cal-
cined in a fluidized bed at 500◦C to form a granular
solid oxide. However, in addition to calcine waste, liq-
uid sodium-bearing waste (SBW) was also generated as
a result of combining solvent scrub and mineral acid de-
contamination solutions. This waste solution contains
molar concentrations of sodium as well as moderate ac-
tivity concentrations of transuranic and fission product
isotopes. Currently, over 5 million liters of this liq-
uid waste are stored in underground, concrete enclosed
stainless steel tanks at the Idaho Nuclear Technology
and Engineering Center (INTEC). The INEEL has in-
vestigated numerous separation options for removing
the actinide and high activity fission isotopes from the
SBW prior to final disposition. As part of that effort,
the composite sorbent ammonium molybdophosphate
polyacrilonitrile (AMP-PAN) was evaluated as an ex-
changer for cesium removal. The merits of this AMP-
PAN sorbent, as well as bench scale experiments to
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derive isotherms and breakthrough curves, were pre-
sented in detail in a previous paper (Tranter et al.,
2002). The results of those tests showed that kinetics
were predominately particle diffusion controlled. The
purpose of the work described herein is to numerically
solve the differential transport equations for continuity
and rate of exchange for the AMP-PAN system in order
to elucidate a mass transfer coefficient for diffusion in
the solid particle phase.

2. Experimental/Methodology

AMP-PAN is a composite sorbent material consisting
of approximately 85 wt% AMP in a porous PAN sup-
port. This material was developed by Sebesta et al.
(1996) to provide an engineered form of AMP sor-
bent to be used in a packed bed. As described in pre-
vious work (Tranter et al., 2002), a series of bench
scale experiments were performed with 1.5 cm3 beds
of AMP-PAN to obtain breakthrough data with a sim-
ulated sodium bearing waste (SBW) solution. A semi-
scale test was then performed by Herbst et al. (2000) in
which two 60 cm3 AMP-PAN beds were tested as part
of an integrated flowsheet with solvent extraction pro-
cesses for actinide and strontium removal. Simulated
SBW was used for this semi-scale test and the AMP-
PAN columns were operated in series at the head-end
of the separation flowsheet to remove cesium. The ob-
jective of the work presented in this paper is to use the
data from the 1.5 cm3 column tests to derive a mass
transfer coefficient (kpa) for the SBW/AMP-PAN sys-
tem. This mass transfer coefficient is then used to pre-
dict the breakthrough curve for the 60 cm3 columns
in the semi-scale run. To this end, the fundamental
transport equations are solved numerically using the
small column data. This is done iteratively with differ-
ent values of kpa until an acceptable agreement with
the experimental data is obtained. To simplify the cal-
culations, the dispersion term in the continuity equation
is neglected and kpa is assumed to be constant for the
SBW/AMP-PAN system. The system is also treated as
single component adsorption or ion exchange. This is
assumed to be valid since it has been shown (Smit,
1990) that AMP is highly selective for Cs and ex-
hibits a selectivity sequence for the alkali metals sim-
ilar to other heteropolyacids of the Keggin structure;
Cs+ > Rb+ > K+ > Na+ > Li+.

The composition of the simulated SBW feed solution
is shown in Table 1. The experimental equipment and
conditions for the column tests are described in detail in

Table 1. Simulated SBW feed concentrations.

SBW simulant SBW simulant for
Component Units for 1.5 cm3 tests 60 cm3 integrated test

H+ moles/L 1.31 1.55

Al moles/L 5.9E-01 5.4E-01

B moles/L 1.5E-02 1.8E-02

Ca moles/L 3.3E-02 4.5E-02

Cl moles/L 3.4E-02 4.1E-03

Cr moles/L 6.0E-03 5.0E-03

Cs moles/L 6.79E-05 1.0E-03

F moles/L No analysis 2.59E-01

Fe moles/L 2.4E-02 2.03E-02

Hg moles/L 1.8E-03 2.0E-03

K moles/L 1.3E-01 1.18E-01

Na moles/L 1.04 1.24

NO−
3 moles/L 4.2 No analysis

SO−2
4 moles/L 8.85E-03 No analysis

Pb moles/L 9.56E-04 1.0E-03

Sr moles/L 5.57E-03 1.0E-03

Zr moles/L 5.78E-04 1.4E-03
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Figure 1. Cs breakthrough curve with simulated SBW. Flow rate
= 25.3 BV/h, bed volume = 1.5 mL.

the previous reports by Tranter et al. (2002) and Herbst
et al. (2000) and will not be repeated here. However,
the experimental breakthrough data from the 1.5 cm3

and 60 cm3tests are shown in Figs. 1 through 3.

2.1. Equilibrium Isotherm

Equilibrium isotherm data for the simulated SBW—
AMP-PAN system have been reported (Tranter et al.,
2002). However, these experiments obtained limited
data at the concentration range of interest for the present
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Figure 2. Cs breakthrough curve with simulated SBW. Flow rate
= 39 BV/h, bed volume = 1.5 mL.

study. Therefore, additional equilibrium batch contacts
were performed to obtain more data points at the lower
end of the isotherm. Simulated SBW was spiked with a
known amount of 137Cs and stable 133Cs. The feed so-
lutions were then contacted with quantitative amounts
of AMP-PAN for 48 hours at 23 ± 2◦C, according to
the method previously described (Tranter et al., 2002).
Aliquots of the aqueous solution were filtered and
analyzed by gamma spectrometry using a high pu-
rity germanium (HPGe) detector coupled to a SUN©R

workstation. Equilibrium cesium concentrations in the
aqueous fraction were determined by ratio of the ra-
dioactive 137Cs to total cesium. Cesium concentrations
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Figure 3. Cs breakthrough curves with simulated SBW waste, semi-scale columns A and B. Flow rate = 22 BV/h, BV column A = BV column
B = 60 mL.

in the solid phase were calculated by material
balance.

2.2. Column Modeling

Developing a model to accurately describe adsorption
or ion exchange in a fixed bed system is inherently
difficult. Since the concentration of the adsorbate or
counter-ion changes as the feed moves through the bed,
the process does not operate at steady state. Design
equations derived to model the system with theoreti-
cal rigor are differential in nature and usually require
complex numerical methods to solve. Some solutions
for very limiting cases have been reported (Cooper,
1965, 1970; Thomas, 1948; Vermeulen, 1953) but, in
general, complete time-dependent analytical solutions
to differential equation based models of the proposed
rate mechanisms are not available. The fundamental
transport equations for a fixed bed are the solid-fluid
material balance and rate of exchange. If dispersion
is neglected, these equations can be written in the
following form (Klein, 1983):

∂c

∂t
+ v

∂c

∂z
+ (1 − ε)

ε

∂q

∂t
= 0 material balance (1)

∂q

∂t
= kpaF(c, q) solute exchange rate (2)



294 Tranter, Herbst and Todd

Where:

ε = the void fraction or fluid filled spaces between
particles, 0.78

v = the average interstitial fluid velocity between the
particles, cm/min

z = the distance from the bed inlet in the axial
direction, cm

c, q = the fluid and solid phase concentrations,
respectively, mol/cm3

kpa = the interphase mass transfer coefficient, min−1

F(c, q) = a driving force to be specified
t = time, min.

Since it was shown by Tranter et al. (2002) that the
AMP-PAN system is primarily limited by diffusion in
the particle phase, a linear driving force in terms of
the solid phase concentration was chosen to represent
F(c, q). Therefore, Eq. (2) can be re-written as:

∂q

∂t
= kpa(q∗ − q) solute exchange rate (3)

Where:

q∗ = the solid phase concentration in equilibrium with
the concentration in the liquid (c) at time t , mol/cm3.

It then follows that an equilibrium relationship be-
tween the solid and liquid phase must be specified. For
this analysis, the Langmuir equation was used for the
equilibrium equation and is of the form:

q∗ = KcQ0

1 + Kc
(4)
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Figure 4. Equilibrium isotherm for simulated SBW—AMP-PAN system at 23 ± 2◦C.

Where:

K = equilibrium constant for the exchange of Cs in
AMP, cm3/mol

Q0 = the asymptotic maximum solid phase concentra-
tion, mol/cm3.

The data obtained from the equilibrium batch con-
tacts, as described previously in Section 2.1, yield a
classical Type I isotherm. Consequently, they were fit
reasonably well with the Langmuir model (R2 = 0.956)
and are presented in Fig. 4. The Langmuir coefficients
derived from this fit are used in the model to calcu-
late equilibrium values for the solid phase, q∗. These
coefficients are listed in Table 2.

Inspection of Eqs. (1) and (2) reveals that they are
a system of linear, parabolic, partial differential equa-
tions (PDE) of the first order. The method of finite
differences is used to obtain the numerical solution
of these transport equations. However, before expand-
ing these equations in finite difference form, it is more
convenient to reformulate the independent variables in
terms of dimensionless variables:

x = z

L
; τ = L

v
; θ = t

τ
(5)

Where:

x = dimensionless length
τ = residence time in the bed, min
θ = dimensionless time of operation
L = total bed height, cm
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Table 2. Langmiur coefficients, AMP-PAN bulk, and absolute density.

Langmuir Q0 asymptotic Bulk density Absolute solid
equilibrium max concentration, of AMP-PAN particle density of

Test constant K mole/cm3 of AMP-PAN (g/cm3) AMP-PAN (g/cm3)

25.3 BV/h 1.5 cc column 1.5E+07 0.001398 0.61 2.797

38.7 BV/h 1.5 cc column 1.5E+07 0.001398 0.61 2.797

21.7 BV/h 60 cc semi-scale 1.5E+07 0.001398 0.61 2.797
column A

21.7 BV/h 60 cc semi-scale 1.5E+07 0.001398 0.61 2.797
column B

Then:

∂t

∂θ
= τ and

∂z

∂x
= τv = L (6)

and

∂c

∂t
= 1

τ

∂c

∂θ

∂c

∂z
= 1

τv

∂c

∂x
(7)

∂q

∂t
= 1

τ

∂q

∂θ

When the above relationships are substituted into
Eq. (1), the τ, v, ∂t , and ∂z terms cancel leaving the
equation in the form:

∂c

∂θ
+ ∂c

∂x
+

(
1 − ε

ε

)
∂q

∂θ
= 0 (8)

Applying the same derivation to Eq. (3) transforms it
into the form:

∂q

∂θ
= τkpa

(
q∗ − q

)
(9)

The differential terms in Eq. (8) can now be expanded
into finite difference form:(

cl + 1
i − cl

i


θ

)
+

(
cl

i − cl
i − 1


x

)
+ 1−ε

ε

(
ql + 1

i − ql
i


θ

)
= 0

(10)

In the above equation, the temporal derivatives are writ-
ten as forward differences while the spatial deriva-
tive is written as a backward difference. The scripts
i and l refer to the space and time steps, respectively.
Since the objective is to calculate the concentration pro-
file axially through the column, Eq. (10) is written to

solve explicitly for the l + 1 time step at each spatial
point:

cl + 1
i = cl

i + 
θ


x

(
cl

i − 1 − cl
i

) − 1 − ε

ε

(
ql + 1

i − ql
i

)
(11)

Following a similar derivation, the equation for solute
exchange rate is written as a forward difference:

ql+1
i = ql

i + 
θτkpa
(
ql∗

i − ql
i

)
(12)

The initial (I.C.) and boundary (B.C.) conditions are
specified as follows:

I.C. c = q = 0 (x, 0)

B.C. c = c0 (0, t)
∂c

∂x
= 0 (x = L , t) (13)

The finite difference relationships in Eqs. (11) and (12)
were coded into visual basic along with the I.C. and
B.C. parameters. The grid was chosen to solve for the
liquid and solid phase concentrations, c and q, at 20
evenly spaced axial points through the column. This
in turn specified the time step since the �θ/�x term
was set at ≤0.5 to obtain a stable solution. A value for
the mass transfer coefficient, kpa, was specified and
the program executed. The run time for the program
was approximately 5 minutes using a 1 GHz proces-
sor. During program execution, a plot of the calculated
breakthrough curve was generated in “overlay” fash-
ion in the same coordinates as the 1.5 cm3 experimental
data. In this way, the slope of the calculated curve could
be visually compared to the experimental data and the
next value of kpa chosen to increase or decrease the
slope as necessary. This process was repeated itera-
tively until the slope of the calculated curve and the
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calculated effluent liquid concentration at 50% break-
through were nearly coincident with the experimental
data. The final value for kpa was then used in the nu-
merical program, along with the appropriate values for
column size and fluid velocity, to generate a predicted
breakthrough curve for the 60 cm3 column run.

3. Results and Discussion

The PDE solution program was executed approxi-
mately 8 times in order to converge on the best value of
kpa. The value obtained for the SBW/AMP-PAN sys-
tem was kpa = 0.0126 min−1. A plot showing the cal-
culated breakthrough curve and the experimental data
for the 1.5 cm3, 25.3 bed volume per hour (BV/h) test
and the 1.5 cm3, 38.7 BV/h test is shown in Fig. 5. It
can be seen that the kpa value of 0.0126 min−1 resulted
in excellent agreement with the 25.3 BV/h experimen-
tal data from the 1.5 cm3 column test with a determi-
nation coefficient (R2) of 0.996. Agreement with the
38.7 BV/h test in the 1.5 cm3 column was not quite as
good but still very acceptable with R2 = 0.981.

Plots of the predicted curves (with kpa =
0.0126 min−1) for the 60 cm3 semi-scale test columns
IX A and B, along with the corresponding experimen-
tal data, are presented in Figs. 6 and 7. To generate the
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Figure 5. Experimental and predicted breakthrough curves for bench-scale test, bed volume = 1.5 mL, flow rate = 25.3 BV/h, kpa =
0.0126 min−1.

curve for the second column (IX B) in the series, the
system was modeled as one 120 cm3 column with the
BV/h rate halved. It can be seen that the mass transfer
coefficient derived from the small bench scale column
data did an excellent job of predicting the breakthrough
behavior of the 60 cm3 tandem semi-scale column sys-
tem, resulting in R2 values of 0.984 and 0.943 for the
IXA and IXB columns, respectively. This was true even
when the column was modeled as one continuous sys-
tem with twice the residence time. Also, as shown in
Table 1, the Cs feed concentration in the semi-scale test
was a factor of 15 higher than in the bench scale tests.

Numerically calculated liquid Cs concentration pro-
files for semi-scale column A as a function of time and
axial distance through the column are shown in Fig. 8.
It has been shown by Michaels (1952), that the length
of the sorption zone, zs , is a function of the column
height, z, and the throughput volumes, VB and VT :

zs = z

[
Vz

VT − 0.5Vz

]
(14)

Where:

VB = volume processed at beginning of column break-
through, BV

VT = total volume processed at column exhaustion, BV
Vz = VT − VB
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Figure 6. Experimental and predicted breakthrough curves for semi-scale test column A, bed volume = 60 mL, kpa = 0.0126 min−1.
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Figure 7. Experimental and predicted breakthrough curves for semi-scale test column B, bed volume = 60 mL, kpa = 0.0126 min−1.

Using the values VT = 390 BV, VB = 200 BV and
z = 12 cm obtained from the semi-scale column A
experimental breakthrough data (Fig. 3), the solution
to Eq. (14) indicates the length of the sorption zone to

be approximately 7.5 cm. Inspection of the calculated
concentration profiles in Fig. 8 also reveals the length
of the sorption zone to be approximately 6–8 cm, which
is in reasonable agreement.
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Figure 8. Calculated Liquid Cs concentration-time profiles for semi-scale column A. BV = 60 mL, Z = 12 cm, flow rate = 21.7 BV/h, 1.3 L/h.

4. Conclusions

The transport equations for continuity and rate of ex-
change have been numerically solved using data from
small bench scale (1.5 cm3) column experiments. The
program to perform these calculations was developed
using finite difference approximations for the differen-
tial terms in the PDE’s. This approach yielded good
results and eliminates the need for complex matrix al-
gorithms which are required for finite element analy-
sis. From these solutions, a mass transfer coefficient
of 0.0126 min−1 for the SBW/AMP-PAN system was
derived. This value for the mass transfer coefficient
was used to successfully predict breakthrough behavior
for an AMP-PAN semi-scale column system 80 times
larger, with different flow rate, and a SBW Cs feed con-
centration 15 times higher. Therefore, the derived value
for mass transfer coefficient used with the numerical
solutions to the PDE’s should be adequate for scale-
up and estimating AMP-PAN column performance in
pilot scale systems for treating SBW at the INEEL.

Nomenclature

ε the void fraction or fluid filled spaces between
particles

ρB the bulk density of the solid phase (g/cm3)
(bulk volume)

ρa the absolute density of the particles
in the solid phase (g/cm3)

v the average interstitial fluid velocity
between the particles (cm/min)

z the distance from the bed inlet in the
axial direction (cm)

c, q the fluid and solid phase concentra-
tions, respectively (mol/cc)

kpa the interphase mass transfer coeffi-
cient (min−1)

F(c, q) a rate driving force to be specified
q∗ solid phase concentration in equili-

brium with the concentration in the
liquid (c) at time t (mol/cc)

K equilibrium constant for the exchange
of Cs in AMP

Q0 the asymptotic maximum solid
phase concentration (mol/cc)

L length of the bed (cm)
x dimensionless length
τ residence time in the bed (min)
θ dimensionless time of operation
i − 1, i, i + 1 subscripts denoting previous,

current, and next distance steps in
the numerical solution, progressing
axially from column inlet to outlet.

l − 1, l, l + 1 superscripts denoting past, present,
and future time steps in the numeri-
cally solution.
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VB volume processed at beginning of column
breakthrough (BV)

VT total volume processed at column exhaus-
tion (BV)

Vz VT − VB

BV bed volumes or column volumes
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